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ABSTRACT
Pulsed TV-holography (PTVH) can be used for obtaining two-dimensional maps of instantaneous out-of-plane
displacements in plates. In particular, our group has demonstrated that scattering patterns generated by the
interaction of elastic waves with defects can be measured with PTVH and employed for quantitative character-
ization of damage in non-destructive inspection in plate structures. Recently, we have succeeded in obtaining
a quantitative description of experimental scattering patterns produced by holes in harmonic regime using a
ﬁnite element method (FEM) applied to a two-dimensional model based on the scalar wave equation, avoiding
the standard and more complex vector approach based on the rigorous linear elasticity theory. In this work, a
similar scheme is employed to characterize equivalent scattering phenomena but in transient regime. Simulated
propagation and scattering patterns are tried with the scalar FEM and the corresponding experimental propaga-
tion and interaction of Rayleigh-Lamb waves with artiﬁcial defects in plates are measured using our speciﬁcally
developed PTVH system. On this basis, a comparison between experimental maps and FEM simulated maps is
developed.
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1. INTRODUCTION
Ultrasonic techniques are routinely employed for non-destructive testing (NDT) and evaluation of plate-like
structures in industry.1 Our group has demonstrated that ultrasonic non-destructive inspection of plates can be
performed using a self-developed pulsed TV-holography (PTVH) system2–4 that records the two-dimensional (2D)
acoustic ﬁeld of instantaneous out-of-plane displacements over the surface of the plates. The measured ﬁeld maps
elastic wave scattering patterns from which information related to defects (position, dimensions, orientation, etc)
has to be extracted by solving the direct or the inverse scattering problems. Diﬀerent numerical approaches have
been employed for these tasks,5–8 including approximations based on simpliﬁed 2D scalar models.9, 10 Exploring
this last possibility, we have succeeded in obtaining a quantitative description of the scattering of Rayleigh-Lamb
waves produced by holes and slots in harmonic regime using the scalar Helmholtz equation.11, 12
In this work, a similar modelling approach is employed to characterize equivalent scattering phenomena but in
transient regime. We ﬁrst establish the framework for the scalar model and the nomenclature. Then we explain
the method for obtaining experimental data by PTVH including only the essential points for completeness (see
references 2, 3, 4 and 13 for more details). Finally, we brieﬂy describe the numerical implementation of the
scalar model using FEM. On this basis, a comparison between experimental maps and FEM simulated maps is
presented showing a reasonable matching both in near- and far-ﬁeld zones.
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Figure 1. a) Scheme of a plate of thickness 2h with a cylindrical defect of diameter D and residual depth e, b) Frequency
spectrum of Lamb modes for a plate with stress-free boundaries, γ = 4hf/cL and ξ = 2hk/π are the normalized frequency
and wavenumber respectively being cL the longitudinal wave velocity. qR identifies the region of the spectrum that
corresponds to quasi-Rayleigh waves.
2. THEORETICAL FRAMEWORK
We consider that plates can be described as linear isotropic solids in the framework of linear elasticity theory
within small (inﬁnitesimal) displacement regime and linear stress-strain relationship. We also restrict the scope to
model scattering phenomena produced by through-thickness holes (with residual depth e = 0) for which the plate
geometry depends only on (x1, x2) coordinates (ﬁgure 1a). In these conditions, for harmonic time dependence of
frequency f , the simplest situation arises when only one Lamb mode with wavenumber k contributes to the out-
of-plane component of displacement u3 (t) over plane (x1, x2, h) at the top surface of the plate. The associated
scattering can be described by means of the partial diﬀerential equation11
∇2uˆ3 (k) + k2uˆ3 (k) = 0 outside Γ (1)
where Γ denotes the boundary of the two-dimensional through-thickness hole and ∇2 the two-dimensional lapla-
cian operator in (x1, x2). uˆ3 (k) is the complex amplitude of the complex ﬁeld uˆ3 (t) = uˆ3 (k) exp (j2πft) from
which we have that u3 (t) = Re [uˆ3 (t)]. In general, for each temporal frequency f , an integer number p of Lamb
propagating modes could exist with wavenumbers k1, k2, . . . , kp and, in this case, the associated complex ﬁeld is
uˆ3 (t) = uˆ3 (f) exp (j2πft) where uˆ3 (f) = uˆ3 (k1)+ uˆ3 (k2)+ . . .+ uˆ3 (kp) characterize the harmonic propagating
component of frequency f . For transient elastic waves the total out-of-plane component of displacement results
from linear superposition of the contributions of all the harmonic components within the temporal frequency
band of the spectrum of the wave. To simplify notation we have distinguished the complex displacement ﬁelds
uˆ3 (t), uˆ3 (f), uˆ3 (k), uˆ3 (k1) . . . using explicitly their arguments (i.e. t, f , k, k1. . . respectively) avoiding the use
of additional subcripts. When necessary we will also include the spatial dependence of the magnitudes, f.i. using
u3 (x1, x2, t) instead of u3 (t).
At this point we consider the particular case in which only quasi-Rayleigh waves, i.e. superposition of modes
S0 and A0 with the same value of normalized frequency in the range where their associated branches overlap (see
qR region with γ ≥ 1.5 in ﬁgure 1b), are eﬃciently excited in the plate (in our experiments we have cL = 6358 m/s
which means that γ ≈ 6 for the selected central excitation temporal frequency, see section 3). Then, to each
contributing temporal frequency f corresponds only one propagating wavenumber k and so uˆ3 (f) = uˆ3 (k). At
the same time non dispersive wave propagation can be assumed, in such a way that all the harmonic components
have the same phase velocity, equal to the Rayleigh wave phase velocity of the plate cR (characterized by the
common slope of the branches in qR region, ﬁgure 1b). Hence, it is clear from the linearity of (1) and superposition
that the total complex ﬁeld veriﬁes the scalar wave equation
∇2uˆ3 (t)− 1
c2R
∂2uˆ3 (t)
∂t2
= 0 outside Γ (2)
Proc. of SPIE Vol. 8413  84130Z-2
CCD camera
Objective
Optica l fibre
Pola riza tion
controller
Attenua tor
Twin-cavity
Nd:YAG laser
Synchroniza tion
e lectronics
Tone -burs t
genera tor
x1
x3
Aluminium pla te
Wedge
P iezoe lectric
Fibre
coupler
Mirror
Mirror
Beam
combiner
Diverging
lens
Beam
splitte r
Mirror
Mirror a t 45º
Frequency
doubler
C#2
C#1
Seeder
w
4x
o
4x
o
x
1
x
2
D
2x
o
2x
o
x
o
ROI
E1
I1
E2
E2
E2
O
(a) (b)
Figure 2. a) Experimental setup, b) Scheme of the computational domain for FEM defined by the boundaries E1, E2 and
I1, showing relative position of the ROI and reference system employed.
To specify the stress-free boundary conditions at the hole border it would be neccessary, in general, to con-
sider SH and Lamb evanescent modes and associated conversion eﬀects. Nevertheless, for the particular case
of quasi-Rayleigh waves we follow the same approach that in our previous works11, 12 assuming, as a ﬁrst ap-
proximation, that stress-free condition at the hole boundary can be described by the homogeneous Neumann
boundary condition
∂uˆ3 (t)
∂n
∣
∣
∣
∣
Γ
= 0, (3)
Equations (2-3) with additional initial conditions for displacement and velocity outside the hole are the essential
elements that deﬁne the initial boundary value problem (IBVP) to be solved.
3. MATERIALS AND METHODS
The layout of the experimental system used to generate and to detect the elastic waves is depicted in ﬁgure 2a.
Several through-thickness holes, with diameters D in the range 12 mm to 4 mm, were adequately prepared in
aluminum plates with dimensions 300 mm× 100 mm× 10 mm. In all cases the plates were supported so that the
constraints at their surface are minimized. Plasticine was used as acoustic absorber at the edges of the plates to
minimize reﬂections of the incident and scattered waves that could disturb the measured acoustic ﬁelds inside
the region of interest (ROI) (ﬁgure 2b). Over these plates quasi-Rayleigh waves were generated by means of the
classical wedge method. A short tone-burst with a central frequency f = 1.000 MHz and an integer number of
cycles (in the range 5 to 10) was used to excite the piezoelectric, obtaining transient wavetrains (ﬁgure 2b). The
measured wavelength of the trains was λR = 2.99 mm, that for our central excitation frequency corresponds to
a Rayleigh phase velocity cR = 2990 m/s.
The instantaneous acoustic 2D ﬁeld u3 (x1, x2, t) at the plate surface associated to quasi-Rayleigh wavetrain
propagation was measured with a self-developed double-pulsed TV holography system3 arranged to be sensitive
to the out-of-plane component of the displacement (ﬁgure 2a). A twin-cavity pulsed, injection seeded and
frequency doubled Nd:YAG laser (Spectron SL404T) emits two laser pulses, with a duration of 20 ns and a
adjustable temporal interpulse delay τ , that are employed to record two correlograms in separate frames of a
CCD camera (PCO Sensicam Double-Shutter). Setting τ equal to 1.5 μs (3/2 of the period associated to central
excitation frequency) for maximizing sensitivity3 and after processing the two correlograms with the spatial
Fourier transform method4 it is obtained the so-called optical phase-change map ΔΦ (x1, x2, t), proportional to
the displacement ﬁeld u3 (x1, x2, t) by a factor 8π/λ (λ is the laser wavelength and t the instant of emission
of the ﬁrst laser pulse). A second evaluation step based on the Fourier transform method can be applied to
ΔΦ (x1, x2, t) to calculate the complex ﬁeld uˆ3 (x1, x2, t) from which the acoustic amplitude mod [uˆ3 (x1, x2, t)]
Proc. of SPIE Vol. 8413  84130Z-3
-0.20
-0.15
-0.10
-0.05
0
0.05
0.10
0.15
0.20
0 10 20 30 40 50 60 70
x
2
0 5 10 15
-0.20
-0.15
-0.10
-0.05
0
0.05
0.10
0.15
0.20
t
(a) (b)
Figure 3. Profiles of the experimental reference field and the analytical aproximation for specifying the inhomogeneous
boundary condition: a) profiles along x2 of the real parts of uˆ3 (0, x2, t¯) (solid) and bˆ2 (x2) (dashed), b) profiles along t of
the real parts of uˆ3 (0, x¯2, t) (solid) and bˆ1 (t) (dashed). Amplitude in units of λ/8π. x2 in millimeters and t in μs.
and the total acoustic phase arg [uˆ3 (x1, x2, t)] can be retrived independently and allowing a reconstruction of
the out-of-plane displacement as u3 (x1, x2, t) = Re [uˆ3 (x1, x2, t)] with an improved signal-to-noise ratio.
2, 13
With this scheme we have performed measurements in successive instants of wave train propagation (t0, t1,
. . ., tn, . . ., tN−1 with tn+1 − tn = Δt) to obtain a complete sequence of N optical phase-change maps (we have
selected N = 64 with Δt = 250 ns, i.e., a quarter of the period associated to the central excitation frequency of
the wavetrain). The complete sequence has been processed simultaneously, employing the spatio-temporal 3D
Fourier transform method (an improved version of the previously described proccesing scheme13) rendering a
sequence of N experimental complex ﬁelds uˆ3 (x1, x2, tn) at times tn that is the data set for the comparison with
numerical simulations.
3.1 Finite Element Method
Following the standard approach to FEM14 a discretized version of the IVBP problem (2-3) was implemented in
a rectangular computational domain (ﬁgure 2b). Dirichlet boundary conditions were employed over the exterior
boundary, non homogeneous ones for introducing the complex amplitude value of the incident ﬁeld at E1 and
homogeneous ones in E2. The interior circle I1 represents the hole border where condition (3) was applied. The
horizontal position of the hole center within the computational domain was selected to avoid interference in the
ROI between direct scattering phenomena and waves reﬂected by exterior boundaries. The initial conditions
were set to zero both for displacement and velocity.
For specifying the inhomogeneous Dirichlet boundary condition at x1 = 0 the complex ﬁeld on the boundary
was factorized as uˆ3 (0, x2, t) = bˆ1 (t) bˆ2 (x2) with bˆi (α) = bi (α) exp {jφi (α)}. Then, selecting a reference point
x¯2 on E1 and a reference instant t¯, functions bˆ1 (t) and bˆ2 (x2) were ﬁtted respectively to the experimental proﬁles
uˆ3 (0, x¯2, t) (temporal evolution at the reference point x¯2) and uˆ3 (0, x2, t¯) (transversal distribution of the ﬁeld at
the reference instant t¯) by using a least squares procedure (ﬁgure 3). Auxiliary envelopes in x2 and t with pulse
proﬁles with a smooth transition in amplitude from one to zero were employed to guarantee proper matching of
the inhomogeneous boundary condition with the lateral homogeneous boundary condition and zero initial values
in the domain.
Practical implementation and processing of numerical data based on this approach have been developed
employing COMSOL Multiphysics and self-developed routines in Matlab. We have meshed the domain with
triangular second order Lagrange ﬁnite elements, assuring at least 10 elements per acoustic wavelength. The
α-generalized solver algorithm was employed with a constant temporal time step of 10−8s.
4. RESULTS AND DISCUSSION
In ﬁgure 4 representative examples of the experimental and theoretical results for the complex ﬁeld are shown at
two diﬀerent instants of wave propagation (t = t1 before and t = t2 after the interaction with the hole). A visual
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Figure 4. Scattering patterns for a cylindrical hole with D = 12 mm: comparison of the real part of the complex total
field: a,c) experimental, b,d) numerical; a,b) t1 = 8.75 μs, c,d) t2 = 17.25 μs. Amplitude in units of λ/8π (mid-grey
level represents zero). Dimensions in millimeters. The axes numbering and orientation correspond to those of figure 1b.
comparison evidences close agreement in the spatial distributions in both cases. A more detailed quantitative
comparison can be developed using the corresponding proﬁles along directions x1 and x2 (ﬁgure 5). From ﬁgure 5a
it is clear that agreement in modulus and phase is very good for the incident wave before interaction with the
hole, which conﬁrms that the employed approach for introducing the incident ﬁeld using the non-homogeneous
boundary condition works properly. Even in this case, pixel to pixel agreement presents error at some points in
consonance with previously measured speckle noise levels.2 Matching in amplitude and phase for the wave after
scattering (ﬁgure 5b) is also reasonable, except in the backscattering direction (ﬁgure 5b, top on the left) where
theory predicts a value of the amplitude that is nearly twice the value measured in the experiment. This could
be associated to the capability of Rayleigh waves to pass the edge of the hole for propagating along the lateral
face of the plate. From the perspective of a 2D scalar model, this phenomenon could be described by assigning
an eﬀective transmission coeﬃcient to the hole. A more comprehensive analysis will be addressed in future work
but, in any case, we believe that the presented results are enough to say that the experimental contrast of the
numerical simulation is positive in transient regime.
5. CONCLUSIONS
Scattering of elastic waves in plates has been studied in transient regime by employing two-dimensional maps of
instantaneous out-of-plane displacements obtained with a self-developed PTVH system. Experimental data have
been compared with simulated scattering patterns obtained with FEM combined with a 2D scalar model. Except
for the backscattering coeﬃcient, a reasonable agreement between theory and experiment has been obtained,
showing the feasibility of employing FEM for quantitative characterization of experimental scattering patterns
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Figure 5. Profiles for the real part of the complex field along vertical and horizontal lines marked in figure 4: a) t1 =
8.75 μs, b) t2 = 17.25 μs; (solid) experimental, (dashed) numerical. Amplitude in units of λ/8π. Dimensions in
millimeters.
of elastic waves in plates measured with our PHTV technique. To improve the reliability of the scalar model
further work should be done, including the analysis of the eﬀect of transmission of the Rayleigh wavetrain at the
edges of plate and defects.
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